Let Z be a compact complex (2n+1)-manifold which carries a complex contact structure, meaning a codimension-1 holomorphic sub-bundle D ⊂ T Z which is maximally non-integrable. If Z admits a Kähler-Einstein metric of positive scalar curvature, we show that it is the Salamon twistor space of a quaternion-Kähler manifold (M 4n , g). If Z also admits a second complex contact structureD = D, then Z = CP2n+1. As an application, we give several new characterizations of the Riemannian manifold HPn = Sp(n + 1)/ (Sp(n) × Sp(1)).
Introduction
If (M, g) is an oriented Riemannian m-manifold, how many tensor fields ϕ = 0 does M admit which satisfy ∇ϕ = 0, where ∇ is the Levi-Cività connection associated with the Riemannian metric g? Obviously there are always some such fields: the metric, the volume form, their inverses, and linear combinations of contracted tensor products of these. There will be more only if the geometry of M is special in the sense that the holonomy group -that is [8, 26] , the group of linear transformation of a tangent space induced by parallel transport around loops -is a proper subgroup of SO(m), and a fundamental research topic for present-day Riemannian geometry is the problem of classifying those Riemannian manifolds whose holonomy geometries are special in this sense. In fact, if we exclude the locally symmetric spaces (for which the curvature tensor R satifies ∇R = 0) and local products of manifolds of lower dimension, there are (up to conjugation) only seven possible families of connected holonomy groups: SO(m), U (m/2), SU (m/2), G 2 (m = 7), Spin(7) (m = 8), Sp(m/4), and Of course, multiplying the metric g of such a manifold by a positive constant always gives us 'new' examples in a completely trivial way. We henceforth eliminate this possibility by normalizing the scalar curvature of g to be the same as that of the standard metric on HP n = S 4n+3 /Sp(1), namely s = 16n(n + 2). It should be emphasized that a quaternion-Kähler manifold is typically not a Kähler manifold; [Sp(n) × Sp(1)]/Z 2 ⊂ U (2n). Nonetheless, questions about such manifolds can, in the positive case, be reduced to problems in algebraic geometry over C by means of a twistor construction [24, 6] which associates a compact complex (2n + 1)-manifold Z with any positive quaternion-Kähler 4n-manifold (M, g). Moreover, the so-called twistor spaces Z that arise by this construction have some remarkable properties. First, they admit Kähler-Einstein metrics of positive scalar curvature; in particular, they have c 1 > 0, and so are Fano manifolds. Secondly, any such Z admits a complex contact structure, meaning a maximally non-integrable holomorphic sub-bundle D ⊂ T Z of complex codimension 1.
In short, any twistor space Z is a Fano contact manifold in the sense of Definition 2.2 below. On the other hand, every known Fano contact manifold is actually a twistor space. Our first main result indicates that this is no accident:
Theorem A Let Z be a Fano contact manifold. Then Z is a twistor space iff it admits a Kähler-Einstein metric.
Based on this, it might seem reasonable to conjecture that every Fano contact manifold is a twistor space. For other evidence in favor of such a conjecture, see [17, 18, 23, 30] .
The same machinery used to prove the above also allows us to address the problem of determining which Fano contact manifolds carry more than one contact structure: This result has some interesting ramifications regarding quaternion-Kähler manifolds. To give a typical example, let us say that a self-diffeomorphism Φ : M → M of a quaternion-Kähler manifold (M, g) is a quaternionic automorphism if it preserves the [GL(n, H) × Sp(1)]/Z 2 structure determined by g; thus the projective transformations of HP n induced by elements of GL(n + 1, H) are quaternionic automorphism of HP n , whereas only elements of the subgroup Sp(n + 1) × R + ⊂ GL(n + 1, H) act by isometries. However, Theorem B implies that this example is essentially anomalous:
) is isometric to the symmetric space HP n .
Notation. Certain notational conventions employed in these pages may elicit gasps from the occasional algebraic geometer who takes the time to peruse them. Thus multiplicative rather than additive notation will be employed for the Picard group, and our convention regarding projectivizations of vector spaces and vector bundles is that P(E) = (E − 0)/C × . On the other hand, both the real and holomorphic tangent bundles of a complex manifold Z will generally be denoted by T Z except in cases where this might be likely to cause confusion. 
Complex Contact Manifolds
The condition of non-integrability has a very useful reformulation, which we shall now describe. Given a codimension-1 holomorphic sub-bundle D ⊂ T Z, let L := T Z/D denote the quotient line bundle; we thus have an exact sequence
where θ is the tautological projection. But we may also think of θ as a line-
and so attempt to form its exterior derivative dθ. Unfortunately, this ostensibly depends on a choice of local trivialization; for if ϑ is any 1-form, d(f ϑ) = f dϑ + df ∧ ϑ. However, it is now clear that dθ| D is well defined as a section of L ⊗ ∧ 2 D * , and an elementary computation, which we leave to the reader, shows that dθ| D , thought of in this way, is exactly the O'Neill tensor mentioned above. Now if the skew form dθ| D is to be non-degenerate, D must have positive even rank 2n, so that Z must have odd complex dimension 2n + 1 ≥ 3. Moreover, the non-degeneracy exactly requires that
. This now provides a bundle isomorphism between L ⊗(n+1) and the anti-canonical line bundle
* induced by the O'Neill tensor. Conversely, let Z be a compact complex (2n+1)-manifold with H 1 (Z, Z n+1 ) = 0, and suppose that c 1 (Z) is divisible by n + 1. Then there is a unique holomorphic line bundle
If we are then given a twisted holomorphic 1-form
we may then construct
If this constant is non-zero, one calls θ a complex contact form because the corresponding D = ker θ is then a complex contact structure. Now the holomorphic map
is homogeneous of degree (n + 1), and so is represented by a homogeneous polynomial. Since two elements of Γ(Z, Ω 1 (L)) define the same sub-bundle D iff they are proportional, it follows that the space of contact structures, if non-empty, is the complement of a degree-(n + 1) complex hypersurface S ⊂ P[Γ(Ω 1 (L))]; in particular, the space of all contact structures on Z is a connected complex manifold.
2n+2 be an even-dimensional complex vector space, and let Υ ∈ ∧ 2 V * be any skew form on V. Then there is an associated θ ∈ Γ(P(V), Ω 1 (2)) defined by ̟ * θ := Ξ Υ, where ̟ : V − 0 → P(V) is the canonical projection, and where Ξ is the (Euler) vector field which generates the C × -action of scalar multiplication on V; conversely, every element of Γ(P(V), Ω 1 (2)) arises this way from a Υ, as may, for example, be read off from the Euler exact sequence
On the other hand, the anti-canonical line bundle
, and any contact structure on P(V) ∼ = CP 2n+1 must arise from some θ ∈ Γ(P(V), Ω 1 (2)). Now the condition that θ ∧ (dθ) n = 0 may now be rewritten as Υ n+1 = 0 as a conse-
. Thus the set of contact structures on CP 2n+1 is exactly parameterized by the symplectic forms on C 2n+2 modulo rescalings. ♦ Example 2.2. Let Y n+1 be any complex manifold, and let Z 2n+1 = P(T * Y ) be its projectived holomorphic cotangent bundle. Observe that the cotangent bundle T * Y carries a tautological 1-formθ defined byθ| ϑ = p * ϑ, where p :
, and L → Z is the holomorphic line bundle whose local sections are homogeneity-1 functions on T * Y − 0 Y . On the other hand, Υ = dθ is a holomorphic symplectic form on T * Y , and the non-degeneracy of Υ implies that θ is a contact form. In particular, L n+1 is isomorphic to the anti-canonical line bundle of Z = P(T * Y ). ♦
The usual proof of the Darboux theorem [1] for real contact manifolds applies equally well in the complex case; thus, any complex contact manifold (Z, D) of dimension 2n + 1 is locally isomorphic to (C 2n+1 , ker(dz 2n+1 + n j=1 z j dz j+n )).
As a consequence, any complex contact manifold may be obtained by gluing together open sets in C 2n+1 with transitions functions which are complex contact transformations -i.e. biholomorphisms which preserve the fixed complex contact structure.
In order to better understand this notion of complex contact transformation, we should first try to understand the infinitesimal version; that is, when does the pseudo-group of biholomorphisms generated by a holomorphic vector field preserve a given contact structure D? The answer is given by the following result: Proof. It suffices to prove the result locally, since the uniqueness will guarantee that local choices of ζ agree on overlaps; thus we may assume that the contact line bundle L is trivial. Relative to a trivialization of L, the contact form θ becomes a holomorphic 1-form ϑ, whereas the section u is represented by an ordinary holomorphic function u. Now there is a unique holomorphic vector field η such that η dϑ = 0 and η ϑ = 1 because ϑ ∧ (dϑ) n = 0 and the condition that θ(ζ) = u now becomes ζ = uη + ξ for some ξ ∈ Γ(O(D)). On the other hand, the condition that ζ generate contact transformations can be written as £ ζ ϑ = f ϑ for some holomorphic function f , and we therefore must have
and hence ξ dϑ = −du mod ϑ. Thus
is the unique infinitesimal contact transformation with θ(ζ) = u.
Corollary 2.1 The exact sequence
splits as a sequence of sheaves of abelian groups. In particular,
for all p. (2.4) given by Proposition 2.1 is not a homomorphism of O-modules, since (2.3) manifestly involves the first derivative of u. In particular, Corollary 2.1 does not assert the existence of a splitting of the associated exact sequence (2.1) of vector bundles. In fact, we will see in Corollary 2.2 that the latter never splits if Z is Fano. 2
there is a non-trivial holomorphic vector field ζ on Z with θ(ζ) = 0. Since we also have θ(0) = 0, Proposition 2.1 asserts that this ζ is not an infinitesimal contact transformation. Thus the contact structure (exp tζ) * D will differ from D if t is sufficiently small.
Conversely, if there is a second contact structureD = D on Z, we must havẽ
, by virtue of the assumption that H 1 (Z, Z n+1 ) = 0; and sinceD = D, there must be a point of Z at which the values of θ andθ are linearly independent.
is not zero, and this of
Because complex contact structures are locally trivial, and infinitesimal contact automorphisms are specified by holomorphic sections of the contact line bundle L, the space of infinitesimal deformations of a compact complex mani-
. Thus the existence of the natural splitting
of Corollary 2.1 may be interpreted as saying that you can't deform the contact structure without deforming the complex structure. The following result [18, 22] is therefore an immediate consequence of the connectedness of the space of contact forms: Proposition 2.3 Let Z be a simply connected compact complex manifold. Then any two complex contact structures on Z are equivalent via some biholomorphism of Z.
Remark 2.2.
There is no real analogue of this; for example, the 3-sphere S 3 carries [5] many inequivalent real contact structures. The essential difference is that the set of real contact forms is typically disconnected.
2 Examples 2.1 and 2.2 were both displayed in a way that related them to symplectic structures on C × -bundles over the given manifold Z. As you might expect, this is a manifestation of a general procedure [1, Appendix 4E] known as symplectification, which we now review. Let L * × denote the complement of the zero section in in the total space of L * = L −1 , and let ̟ : L * × → Z denote the canonical projection, which we will consider to be a holomorphic principal C × -bundle. Then ̟ * L is canonically trivial, although the canonical non-zero section has homogeneity 1 with respect to the C × -action. It follows that ̟ * θ may be considered to be a holomorphic 1-form on L * × rather than just a section of Ω 1 (̟ * L). We may therefore define Υ = d(̟ * θ), and observe that the non-degeneracy (2.2) of θ is exactly equivalent to requiring that the closed holomorphic 2-form Υ satisfy Υ n+1 = 0; that is, Υ is a holomorphic symplectic form, and in particular the map
Conversely, any symplectic form of homogeneity 1 on a principal C × -bundle arises from a complex contact structure on the base by the formula ̟ * θ = Υ(ξ, ·), where ξ is the vector field which generates the C × -action. This has interesting consequences back down on the contact manifold Z.
Proposition 2.4 Let (Z, D) be a complex contact manifold, and let L = T Z/D be its contact line bundle. Then the contact form
Proof. Since a local holomorphic section f of L may be identified with a functionf on L * × which has homogeneity 1 with respect to the C × -action, the identification
* × , which transforms under the C × -action with homogeneity 1, may be identified with a non-degenerate holomorphic section of
Remark 2.3. Proposition 2.1 says that Γ(Z, O(L)) can be identified with the set of infinitesimal contact transformations of (Z, D), and so has a Lie algebra structure. In fact, the Lie bracket
In the same way, one can also give 
is obtained by applying the composition
Proof. The obstruction to splitting the jet sequence
, and may be expressed inČech cohomology as [d log f αβ ], where {f αβ } is a system of transition functions for L.
But contraction with Υ −1 converts (2.5) into the exact sequence
The result thus follows from Proposition 2.4 and the observation [2] that a(L) = 2πic 1 (L) for any line bundle on a compact Kähler manifold.
Proof. Because K ⊗ L is a negative line bundle, the Kodaira vanishing theorem implies that
) is injective, and the result follows from Proposition 2.5.
While a number of interesting things can be said regarding complex contact manifolds in general, one seems to need strong extra hypotheses before a classification becomes imaginable. One possible route is to limit ones ambitions to the low dimensional cases; cf. [31] . In this article, however, we will instead study manifolds of the following type: D) is a complex contact manifold such that c 1 (Z) > 0, we will say that (Z, D) is a Fano contact manifold.
Thus, for example, CP 2n+1 and P(T * CP n ) proxide two examples of Fano contact manifolds fo dimension 2n + 1. These are both examples of homogeneous complex contact manifolds, meaning that their groups of contact transformations act transitively; there is [30] exactly one such object for each simple complex Lie algebra, and every homogeneous complex contact manifold is automatically Fano as a consequence of Proposition 2.1. From our perspective, however, the overwhelming reason to study such objects is provided by the following result [24, 6] : In order to allow for the case n = 1 while ensuring that this theorem remains true, we now supplement Definition 1.1 as follows:
Definition 2.3 An oriented Riemannian manifold (M, g) of dimension 4 is said to be quaternion-Kähler if it is Einstein and has self-dual Weyl curvature.
Now one might hope that this twistor-theoretic machinery would provide a powerful source of new examples of Fano contact manifolds. However, the only known positive quaternion-Kähler manifolds are symmetric spaces, and their twistor spaces are exactly the homogeneous complex contact manifolds alluded to above. Indeed, the following result [17, 18] gives one reason to wonder whether there are non-homogeeous examples at all: There are also results [11, 23] that show that there are no non-homogeneous examples with n = 1, 2. And in all dimensions one has the following result [17, 18] :
Contact Structures and Einstein Metrics
The following well-known observation is apparently due to Calabi [10] . 
, where · is the norm on K associated with the Kähler-Einstein metric and m is the complex dimension of Z. We may then define h to be the Kähler metric on K × associated with the positive (1, 1)-form ω 1 := i∂∂r.
We may suppose that the Kähler-Einstein metric h is mormalized so that its Ricci tensor is 2(m + 1)h. The pull-back of ω via the canonical projection
so that (Z, ω) is precisely the symplectic quotient of (K × , ω 1 ) corresponding to r = 1/2. On the other hand, there is a tautological holomorphic (m, 0)-form φ on K × defined by φ| ϕ = ̟ * ϕ, and the relation between r and the norm · on K → Z tells us that
, where ∝ means the two expressions differ by multiplication by a non-zero constant. On the other hand, if Ξ denotes the holomorphic (Euler) vector field which generates the C × -action on K × , then Ξ ∂φ = £ Ξ φ = φ, whereas Ξ (∂ log r ∧ φ) = (Ξ log r)φ = φ/(m + 1); thus ∂φ = (m + 1)∂ log r ∧ φ, since both sides have type (m + 1, 0) and
Since ∂φ is a holomorphic form, the logarithm of the volume form of ω 1 is thus pluri-harmonic, and the Kähler metric h is Ricci-flat.
Descending back to Z, we thus have the following: 
Proof. First observe that the pull-back of
on Z can be identified with a holomorphic functionf on K × of homogeneity 1, and the value of the 1-jet of f at a point of Z determines and is determined by the value of df at any point of the corresponding fiber of K × . In other words, a local section of J 1 K * on Z is a holomorphic cotangent field ψ on K × which satisfies Φ * t ψ = tψ for all t ∈ C × . Since the inner product ·, · on covectors determined by h satisfies Φ * t ·, · = |t| −2/(m+1) ·, · , we can now define an inner product (·, ·) on
We claim that this inner product is Hermitian-Einstein. Since this claim is local in character, we may now restrict to an open set in Z over which we have a root ℓ = K −1/(m+1) of the the anti-canonical bundle. Since the curvature of the obvious Chern connection on this root is a constant multiple of the Kähler form ω, it is thus sufficient for us to check that the induced inner product on ℓ −m ⊗ J 1 K * ∼ = J 1 ℓ is Hermitian-Einstein. However, a local section of this bundle may be interpreted as a local holomorphic cotangent vector field ψ on K × such that Φ * t ψ = t 1/(m+1) ψ, and the induced inner product on such objects is just ·, · . Thus the curvature of (T * K × , ·, · ) is just the pull-back of the curvature of ℓ −m ⊗ J 1 K * ; in particular, T * K × is flat along the fibers of K × → Z. On the other hand, ̟ * ω ≡ ω 1 /2r mod (∂r,∂r), so the projection ̟ : K × → Z is conformal in the horizontal directions. Combining these last two observations tells us that the Ricci curvature F α βjk ω jk of ℓ −m ⊗ J 1 K * pulls back to a multiple of the Ricci curvature of h, and so vanishes. Hence the inner product induced on J 1 K * by h is Hermitian-Einstein, as claimed. The quasistability statement now follows from the work of Kobayashi and Lübke [14, 19] .
, so the stability aspect of the above result should be attributed to Tian [29] . However, see Remark 3.4 below.
2
This stability result now allows us to prove the following: Proof. Let m = 2n + 1 be the complex dimension of Z, and let
Thus the odd Chern classes of L * ⊗ ∧ 2 J 1 L are all 2-torsion, and in particular this bundle has degree 0. This shows that L * ⊗ ∧ 2 J 1 L is actually HermitianRicci-flat, meaning that its curvatureF satisfies ω ·F = 0.
Given a contact form θ ∈ Γ(Z, Ω 1 (L)), the symplectification procedure just alluded to produces a non-degenerate
, and, since
we have ∇ 0,1 Υ = 0 because Υ is holomorphic, and whereas
Hence ∇Υ = ∇ 1,0 Υ + ∇ 0,1 Υ = 0. Let L * × be the complement of the zero section in L * , and notice that there is a natural covering map L * × → K × given by x → x ⊗(m+1) , and recall that the symplectification of procedure of page 8 initially displays Υ as a non-degenerate holomorphic 2-form on L * × , in a manner consistent with our identification of sections of J 1 L with homogeneity-1 1-forms on K × . Thus, pulling h back to L * × via this covering, Υ becomes a parallel (2, 0)-form on the Ricci-flat Kähler manifold (L * × , h). The holonomy group ⊂ SU (2n + 2) of h thus stabilizes a (2, 0)-form of maximal rank, and so must be a subgroup of Sp(n + 1). Hence (L * × , h) is a hyper-Kähler manifold.
Remark 3.2.
A more direct way of seeing that L * ⊗ ∧ 2 J 1 L is HermitianRicci-flat is to observe that, in terms of the local root ℓ used in the proof of Proposition 3.2, one has Proof. The same argument used in the proof of Theorem 3.1 says that the holonomy group of (L * × , h) now stabilizes two linearly independent (2, 0)-forms of maximal rank; moreover, these two (2, 0)-forms are homogeneous of degree 1 with respect to the R + -action generated by ξ = gradr. Thus L * × can then be covered by open sets U which split as Riemannian products (U 1 , h 1 ) × (U 2 , h 2 ) of pairs hyper-Kähler manifolds; moreover, these local splittings fit together to yield an orthogonal pair of foliations of L * × , and these foliations are R + -invariant. But the homogeneity of h says that £ ξ h = 2 h, and its components ξ 1 and ξ 2 tangent to U 1 and U 2 therefore satisfy £ ξ1 h 1 = 2 h 1 and £ ξ2 h 2 = 2 h 2 ; that is, ξ, ξ 1 , and ξ 2 are homothetic vector fields. If we now let S ⊂ L * × denote the real hypersurface S = 1, then ξ is a unit normal vector field on S, and the homothetic nature of ξ implies that the second fundamental form of S is just the restriction g of h to S. If now we defined f : S → R to be |ξ 1 | 2 , then f is not identically zero and |df | = |ξ 1 | |ξ 2 |; hence ξ 1 and ξ 2 respectively have zeroes at the minima and maxima of f . Now if p ∈ S is a point at which at which ξ 1 = 0, let us consider the diffeomorphism exp ξ 1 :
with all eigenvalues of modulus e 2 > 1. Hence all the eigenvalues of the induced push-forward maps on T p U 1 ⊗ k+3 (T * p U 1 ) have modulus e −2(k+2) < 1. However, since (exp ξ 1 ) * just multiplies h 1 by a constant, it preserves the covariant derivatives ∇ (k) R := ∇ · · · ∇R of the curvature tensor of h 1 ; and since 1 is not an eigenvalue of (exp ξ 1 ) * p :
it follows that ∇ (k) R vanishes at p for all k. Thus all the U 1 components of the curvature tensor of h on U = U 1 × U 2 vanish to infinite order at p, and since h is real-analytic, it follows that all its first-foliation curvature components are identically zero on L * × . Since the same argument can also be applied to ξ 2 , we conclude that h is actually flat. Proof. By Theorem 3.1, the Ricci-flat Kähler metric h is flat, whereas the proof also tells us that the real hypersurface S given by r = 1/2 has second fundamental form equal to the induced metric g. By the Gauss-Codazzi equations, (S, g) therefore has constant curvature 1, and so is locally isometric to the standard unit sphere in R 4n+4 . If η denotes the vector field which generates the circle action x → e it x on S, then η is a unit Killing vector field on S, and so corresponds to a (4n + 4) × (4n + 4) matrix which is simultaneously in so(4n + 4) and SO(4n+ 4). Such a matrix is an isometric complex structure on R 4n+4 . We may therefore isometrically identify any sufficiently small open set in S with an open set in the unit sphere in S 4n+3 ⊂ C 2n+2 in such a way that η corresponds to the generator of multiplication by e it . But the fibration S → Z is a Riemannian submersion, and the fibers are just the orbits of the U (1)-action generated by η. Hence Z = S/U (1) is locally isometric to the Fubini-Study metric on CP 2n+1 = S 4n+3 /U (1). The developing map thus gives us an open isometric immersion from the universal cover of (Z, h) to the symmetric space CP 2n+1 ; and since Z and CP 2n+1 are both compact and simply connected, this developing map therefore defines a global isometry between (Z, h) and the symmetric space CP 2n+1 . Since there is only one complex structure which is compatible with the Fubini-Study metric, this isometry is necessarily a biholomorphism, and we are done. 
(c) Z admits more than one complex contact structure; (d) Z has an automorphism which is not a contact transformation;
Proof. For any Fano contact manifold (Z, D) one has H p (Z, O(D)) = 0 ∀p > 1 as a consequence [18, 24] 
with equality only if there is a non-trivial holomorphic section of D ⊂ T Z. However, the complex contact structure D of any twistor space Z 2n+1 is a sub-bundle with
. Thus, by Corollary 3.1, the twistor space of Gr 4 (R n+4 ) = SO(n + 4)/SO(n) × SO(4) provides a counter-example to this assertion, as does the twistor space of any exceptional Wolf space [30] . Fortunately, the mistake seems to occur only in the last line of the proof, where it is implicitly assumed that the contraction of two non-zero tensors is necessarily non-zero. The proof of (3.1) is thus unaffected.
Theorem A Let Z be a Fano contact manifold. Then Z is the twistor space of a quaternion-Kähler manifold iff it admits a Kähler-Einstein metric.
Proof. Suppose that Z is Kähler-Einstein and admits a complex contact structure. By Theorem 3.1, the incomplete Ricci-flat metric h on L * × admits a non-degenerate parallel (2, 0)-form Υ of homogeneity 1, and in particular is hyper-Kähler. Expressing such a form in terms of its real and imaginary parts, we have Υ = ω 3 + iω 2 , and using the metric h transform the 2-forms ω 1 , ω 2 , into skew endomorphisms J 2 and J 3 of T L * × , we have J 1 J 2 = −J 2 J 1 = J 3 and J 3 J 1 = −J 1 J 3 = J 2 , where J 1 denotes the tautological complex structure of L * × . But since J 2 = 0 is a parallel infinitesimal orthogonal transformation of T L * × , J 2 2 has a negative eigenvalue, and by replacing Υ with a suitable real multiple, we may assume that this eigenvalue is −1. The (−1)-eigenspaces of J 2 2 now form a parallel sub-bundle of L * × which is invariant under the R + -action generated by ξ. If this is a proper-sub-bundle, the proofs of Theorems 3.2 and B then show that Z is the twistor space CP 2n+1 of HP n . Otherwise, J But these three equations exactly say that r is a hyper-Kähler potential in the sense of Swann [27] , and [27, Proposition 5.5] now tells us that the J A ξ are normalized generators of an isometric sp(1)-action on the hypersurface S ⊂ L * × defined by r = 1/2. Since S is compact, this action exponentiates to yield Sp(1)-action, and since, by construction, the normalized generator J 1 ξ has period π, this action descends to an action of SO(3) = Sp(1)/Z 2 . And since, by construction, the SO(2)-action generated by J 1 ξ is free, this SO(3)-action is free, as a consequence of the transitivity of the adjoint action of SO(3) on the unit sphere in so(3). Thus M := S/SO(3) = L * × /H × is a smooth compact 4n-manifold, and the Riemannian submersion metric g on M is [27, Theorem 5.1] quaternion-Kähler, with twistor space Z.
Remark 3.5. Instead of invoking Swann's results [27] on the relation between hyper-Kähler and quaternion-Kähler manifolds, we could have instead proceeded by showing that the triple of vector fields J A ξ give the hypersurface S a so-called 3-Sasakian structure [12, 15] . Long relegated to obscurity and neglect, this concept has recently turned out to be a remarkably fruitful source of compact Einstein manifolds [9] . Theorem B is similarly related to [28] .
2 Remark 3.6. Uwe Semmelmann has brought some related results [13, 21] to our attention which, when Z is Kähler-Einstein and spin, link the presence of a complex contact structure to that of a Killing spinor; when Z is spin, this would provide yet another strategy for proving Theorem A. Note, however, that a Fano contact 2n + 1-manifold Z = CP 2n+1 is spin iff n is odd; thus this method would only prove 'half' of the result in question. 2
The following result is well-known; cf. [3, 8, 16, 22] .
Corollary 3.3 Suppose that the twistor space Z of the positive quaternionKähler manifold
, Ω 1 (2)) = (n+1)(2n+1) > 1, Z has more than one complex contact structure. The Swann hyper-Kähler metric h associated with Salamon's Kähler-Einstein metric h on Z is therefore flat by Theorem 3.2. The totally umbilic hypersurface given by r = 1/2 is therefore locally isometric to the unit sphere in R 4n+4 , and the three unit Killing fields J A ξ define three orthogonal complex structures on this R 4n+4 which generate a representation of sp(1). Hence S is locally isometric to S 4n+3 ⊂ H n+1 in a manner which sends these three Killing fields to right multiplication by i, j, and k. Thus M is locally isometric to HP n = S 4n+3 /Sp(1), and the developing map construction therefore produces a global isometry M → HP n . Proof. By Corollary 3.3, we may assume henceforth that Z,Z ∼ = CP 2n+1 . Theorem B thus tells us that the only complex contact structures on Z andZ, respectively, are the horizontal distributions of the twistor projections ℘ : Z → M and℘ :Z →M . Now suppose that Z andZ are biholomorphic. The Bando-Mabuchi uniqueness theorem for Kähler-Einstein metrics [4] then implies that that there is a biholomorphic isometry Φ between the the Kähler-Einstein manifolds (Z, h) and (Z,h). But because Z andZ have only one complex contact structure apiece, the isometry Φ sends horizontal subspaces of ℘ to horizontal subspaces of℘, and hence fibers of ℘ to fibers of℘. Thus Φ : Z →Z covers a diffeomorphism F : M →M . But since the twistor projections are Riemannian submersions, F is automatically an isometry, and (M, g) ∼ = (M,g).
The converse follows from the naturality of the Salamon construction.
Our next application concerns the following: Proof. Since the construction of the complex manifold Z only involves [25, 3] the GL(n, H)Sp(1)-structure of M , any quaternionic automorphism F : M → M lifts uniquely to a biholomorphism Φ : Z → Z, and this biholomorphism will be contact iff [22, 16] F is an isometry. But if Φ is not contact, Φ * D is a second contact structure, and the result follows from Theorem B and Corollary 3.3.
Another interesting consequence concerns the spectrum of the Laplacian: with equality iff M is HP n and g is a multiple of the standard metric.
Proof. Since the statement is empty if s ≤ 0, we may assume that s > 0; and by scale invariance, we may therefore assume henceforth that g has scalar curvature 16n(n + 2). In conjunction with our usual convention that the Kähler-Einstein metric h on Z has Ricci tensor 4(n + 1)h, this makes the twistor projection ℘ : Z → M into a Riemannian submersion with totally geodesic fibers. If f is an eigenfunction of ∆ on M , with eigenvalue λ > 0,f = ℘ * f is an eigenfunction of ∆ on Z, also with the eigenvalue λ; moreover, gradf is perpendicular to the fibers of ℘, and so is a section of D. But ∆(∆ − 8(n + 1)) = 4∇ ν ∇μ∇μ∇ ν on Z, and the latter elliptic operator is manifestly non-negative; sincef is an eigenfunction of this operator, with eigenvalue λ(λ − 8(n + 1)), it follows that λ ≥ 8(n + 1). Moreover [20] ,f is in the kernel of this operator only if gradf is a real-holomorphic vector field, so that λ = 8(n + 1) only if D admits a non-trivial holomorphic section. Thus, by Corollary 3.1, λ > 8(n + 1) unless M ∼ = HP n . Conversely, 8(n + 1) actually is in the spectrum of HP n , since all of the many holomorphic sections of D ⊂ T CP 2n+1 are [20] of the form gradf 1 + Jgradf 2 , wheref 1 andf 2 are of eigenfunctions of ∆ with eigenvalue 8(n + 1).
